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LOI GIOI THIEU

Phan phéi chuan, con goi 1a phan phdi Gauss hay (Hinh chudng Gauss), 1a mot phan
phdi x4c suat cuc ki quan trong trong nhiéu linh vic. N6 1a ho phan phéi ¢é dang tong quat
gidng nhau, chi khac gia tri ky vong pt (Muy) con duoc hiéu 12 gia trj trung binh, va d6 léch
tiéu chuan o (Sigma). Thé giéi ty nhién, cling nhu nhiéu cac quy luat kinh t& xa hoi tuan
theo luat phan phdi chuan nay, dién hinh nhu: Chi s théng minh 1Q, chiéu cao, can ning,
chiéu dai giac ngu cua con ngudi, sy bién dong gia tri co phiéu trén thi trudong chiing khoan,

hay muc thu nhap nguoi lao dong...

Phan phéi chuan xuat hién xuyén subt trong chuong trinh xac suat thong ké dang
duogc giang day ¢ cac truong dai hoc ciing nhu trong nhiéu nghién ctu chuyén nganh. Do
d6, viéc tim hiéu can k& nhitng kién thirc co ban vé phan phdi chuan 1a hét sic quan trong.
Chinh vi vy, t6i chon 1am béo cdo hoc thuat “Phan phdi chuan va cdc moment caa phan

phdi chuan”
B4o c4o hoc thuat chia 1am ba phan
Phan 1: Gidi thiéu so luoc vé lich sir ra doi cua phan phéi chuan.
Phan 2: Trinh bay vé dinh nghia va céc tinh chat quan trong ctia phan phdi chuan.

Phan 3. Trinh bay vé moment cua phan phdi chuan.
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1. Lich sir hinh thanh phan phéi chuan

Trong chuong vé xac suit, chung ta di thdy rang phan phdi nhj thirc c6 thé duogc st
dung dé giai cac bai toan nhu "Tung dong xu 100 1an thi x4c suat c6 tir 60 1an tré xuat hién
mat sap la bao nhiéu?" Xac suat chinh xac la
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Ta s& phai tinh x4c xudt c¢6 60 1an, 61 1an, 62 lan... xut hién mat sdp sau d6 cong tt ca
cac xac suat nay. Hay tudng twong phai mat bao lau dé tinh toan xac suat theo cong thirc
ctia phan phdi nhi thtrc trude khi may tinh ra doi?

Abraham de Moivre (1667-1754), mot nha thong ké thé ky 18 va nha tu van cho nhiing
nguodi choi cd bac. Ong thuong dugc yéu cau thuc hién nhitng tinh toan dai dong kiéu
nay. De Moivre nhan thay rang khi s6 1an thuc hién phép thir (tung dong xu) ting 1én, hinh
dang ctia phan phdi nhi thuc tién t6i mot duong cong rat min
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De Moivre ly luan rang néu dng cd thé tim thdy mét biéu thirc toan hoc cho dudng cong
nay, 6ng c6 thé giai cac bai toan nhu tim xac suat cua nhitng bai todn vé sé lan xuét hién
bién cb A trong ddy 100 hoic hon phép thir Becnulli. Nhitng Ii luan nay da dugc 6ng trinh
bay trong bai bao nam 1734 (duoc in lai trong 4n ban 1an 2 The Doctrine of Chances, 1738).

Két qua duoc mo rong bai Laplace trong cudn sach Analytical Theory of
probabilities (1812), va bay gid goi 1a dinh Iy Moivre-Laplace. Laplace di dung phan phéi
chuan dé phan tich sai s cta cac thir nghiém. Vao nam 1809, Gauss st dung dudng cong
chuén dé phan tich dir liéu thién van. Do d6, dudng cong chuin con thudng dugc goi 1a
phan b Gauss.’Trong cudn Theorie Analytique des Probabilites, Gauss phat trién cac dic diém
cta luat phan phoi chuan va chi ra rang luat phan phoi nay phu hgp véi cac hién tuong tu nhién.

Tén goi "dudng cong chudng" do Jouffret, ngudi dau tién dung thuat ngit "bé mit hinh
chudng” (ndm 1872) cho phan phdi chuén hai chidu véi cac thanh phan doc lap. Tén goi
"phian phdi chuin" duoc tao ra boiCharles S. Peirce, Francis Galton va Wilhelm
Lexis khoang nam 1875.
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2. Pinh nghia va tinh chat cia phan phoi chuan

2.1. Pinh nghia. Bién ngiu nhién X goi la c6 phan phdi chuan véi tham sé u va o2 néu
ham mat d6 cua né co dang:
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Kihigula X ~ N (u,0%)

Ham phan phdi F(x) = [ f (t)dt.
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Ham mat do va Ham phan phéi cia phan phoi chuan

Dic biét, khi u = 0,0 = 1, phan phdi N (0,1) duoc goi la phan phéi chuan tic.

Khi d6, ham mat d6 ¢(x) = L ez duoc goi 12 ham Gauss.
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X X -t
Ham phan phéi F(x) = I(p(t)dt = jie 2. dt. Do @(x) la ham chan nén F(x) la ham
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6. Ta chi can xét truong hop x > 0. Khi do,
0 —t X —t2
1 = 1 =
F(X)=| —e?dt+|——e 2 dt.
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Xét tich phéan | = Ie‘xzdx.

Ta co,
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Ap dung phuong phap doi bién sang toa do cuc dé tinh tich phéan ta thu duogc
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Suy ra, I =+ Két hop véi @(x) 1a ham chin ta duoc j —e 2 dt=0,5. Ham phan

phdi cua phan phéi chuan tic tré thanh

—_t2

F(x) = P(X <x):o,5+jie 2 dt =0,5+ g, ().
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Ham ¢, (x) dugc goi la ham Laplace. Gié tri cia Ham Laplace da duogc cac nha toan hoc
tinh toan gan ding. Tham chi da duoc tich hop vao trong may tinh bo ti.

2.2. Tinh chat.

% Tinh chat 1. Néu X ~ N (,u,O'Z) thi EX = u,DX = o2

Chzng minh:

—(x=p)
e 2" dx

Tacd EX =Tx

1
o2
Dit ¢ :%,tacéx = ot + . . Do vay dt :idx. Suy ra

EX = j (ot+ e B dt = Tte; dt+—+jwe5dt

F 2z =,
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Tich phan jtert |l tich phan caa mot ham 1¢é trén khoang ddi xting nén bang 0. Tich

+00 7t2
phan [ e 2 dt latich phan cia ham mat d¢ trén R nén bing 1.

Vay EX = p.

Tuong tu,



Viy, DX = EX? — (EX)? = o2,
% Tinh chdt 2. Néu X~N (u, o2) thi ’%" ~N(0,1) vaaX + b~N(au + b, (ac)?).

Do dé, ta c6 cong thuc tinh x&c suat caa phan phdi chuan

P(X <a) =o,5+¢o(a_—“j
(o2
P(X >a):o,5—¢o(a_—”)
O
P(a< X <b)=¢o(b_—”j_¢0(a__ﬂj
O O

bac biét
PIX -ulko)=P(u—o <X <u+o)=2¢,(1)~0,6827
P( X —ulk20) =2¢,(2) ~0,9544
P( X —ul<30) =2¢,(3) = 0,997

% Tinh chdt 3 (Vé ham dic trung) Néu X~N (u, 0%) thi ham dic trung
. 1
px(t) = E(e®X) = exp {i,ut — Eaztz}, t € R.

Chatng minh. Gia sir Y~N(0,1). Khi do,

1 i itx—lx2
@Y(t):EJ.e z dx.

DPao ham ¢ (t) theo t ta dugc @} (t) = —t. ¢, (t). Giai phuong trinh vi phan tuyén tinh
thuan nhat ta cé
;tz
o, (t)=Ce 2.
t2
Nhung do ¢y (0) = 1 nén C = 1. Do d6, ¢, (t) = e z.
5



Mat khac, X = aY + p. Suy ra,
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Py () =EE™) (") =€, (o) =

% Tinh chat 4. (V& tong cua céac bién ngiu nhién doc 1ap c6 cung phan phdi chuan)
e Giasu X;~N(u,02),i =1,2,...,n. Tacoé ham dic trung

n . na?t?
Ox,+.4x, () = 1_[ Px,(t) = ™M i=12...,n
i=1
Tathay @y, 4 4x, (t) = @r(t), trong d6, T ~ N(ny,no?). Do tinh chat duy nhat cua ham
dac trung nén Z?lei ~ N(nu,noc?).
Tong quat hon, néu X; ~ N(u;, 0)) thi X1, X; ~ N(Z, 1, n_l 0?).
: Ta Cﬁng Cé néU X1 ~ N(#l, 0-12),X2 ~ N(Mz, 2) thl Xl - XZ ~ N(#l - ‘le, 0-12 +
2
a3).

e Gia st X;,i =1,2,...,n la cac bién ngiu nhién doc lap c6 cung phan phdi
chuan N (0,1). Xét phan phéi cua théng ke T(X) = )7 X?
Taco P[X? <z]=0néuz<0.Xétz>0

-
PIX? <z] =P[-Vz <X, <Vz] = f uz}du

1
f exp —Euz}

L4y dao ham 2 vé ta duoc ham mat do cua X7 1a
-1 -z
f(x)—Fzzezl(o+m)(Z)
V|F(—):\/EnenX-2~G(— 1):;(2 i=12,...n
2 i 212 19 )y iy

VatrdosuyraT = Z?leiz ~ x2.
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3. Moment caia phan phdi chuén
Pinh nghia. Cho X 1a mot bién ngau nhién va k > 0 1a mot s6 tu nhién. Pai lugng E (X*)
duoc goi la moment bac k cua X.
e Moment ciia phan phéi chuan tic: Gia sit Z~N(0,1). Theo tinh chit vé ki vong va
phuong sai ciia phan phdi chuantacé EZ = 0,EZ? = 1.

Ménh d@é. E(Z™)=nE(Z""),neN".



Chitng minh: Ham mat do cua phan phdi chuan tic 1a ham Gauss ¢(x) =
D& thdy, ¢’ (x) = —x¢(x).
E(z"™) = T 2"p(2)dz =T 2".2.0(2)dz =— T 2"d (p(2))
=-2"0(2)| +Tn.z”‘1go(z)dz =0+nE(Z"") =nE(Z™Y)

Hé qua. V&i moin € N* ta co

(2n)!
2".n!

E(Z")=13..(2n-1) =
E(Z 2n+1) — O

e Moment caa phan phdi chuan téng quat

1
—€
N2

_XZ

2

Chay rang, néu X~N(u, %) thi X = u + ¢Z, véi Z~N(0,1). Tir d6 ta tinh duoc

E(X*)=E((u+02)").

Chang han nhu
EX=u
EX?=u’+0°
EX® = u* +3uc’
EX* = u* +6u°0”° + 40,



KET LUAN

Phan phdi chuan cé thé coi 1a phan phdi quan trong bac nhét trong xac suat va thong
ké. Bao cdo da trinh bay so lugc V& lich sir ciia phan phdi chuan, dinh nghia cua phan phbi
chuan ciing nhu mot s6 tinh chat quan trong caa phan phdi chuan.Béo céo ciing dwa ra mot
trong mot s rat nhiéu nhimg phuong phap tinh toan cac moment ciia phan phdi chuan. Tuy
nhién, phan kién thirc nay chi 1a phan néi dung kién thirc co ban nhit vé phan phdi chuan.
Bén canh d6, chung ta con c6 nhiéu ndi dung quan trong khac lién quan dén phan phoi
chuan duoc giang day trong hoc phan xac suat théng ké hay chuyén sau hon nira, chang
han nhu dinh ly gigi han trung tam, cac phan phéi lién quan dén dic trung mau hay tinh
toan cac moment trung tm cua phan phéi chuan. .. Trong twong lai, tac gia s& tiép tuc tim
hiéu vé céc tinh chat ciing nhu cac tng dung caa phan phdi chuan dé phuc vu giang day va

cac nghién ctru chuyén nganh.
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